A quantum phase transition is usually achieved by tuning physical parameters in a Hamiltonian at zero temperature. Here, we demonstrate that the ground state of a topological phase, a single wavefunction, encodes universal properties of its transition to a trivial phase. To extract this information, we introduce a partition of the system into two subsystems whose common boundary extends throughout the bulk in all directions. The corresponding bulk entanglement spectrum, which resembles the spectrum of a bulk Hamiltonian, allows us to access a topological phase transition by tuning either the geometry of the partition or the entanglement temperature. We illustrate this technique by applying it to the quantum Hall insulator and spin-1/2 chain.
Topological states of matter are characterized by quantized physical properties that arise from topological quantum numbers. For instance, the quantized Hall conductance of an integer quantum Hall state is determined by its Chern number [1] , the quantized magnetoelectric response of a topological insulator is governed by its Z 2 topological invariant [2] [3] [4] , and the quasi-particle charge in a fractional quantum Hall state is related to its topological degeneracy [5] . Remarkably, the complete set of topological quantum numbers, or topological order [6] , is entirely encoded in the ground state wavefunction and can be computed either directly [1, 7] or via entanglement entropy [8] [9] [10] [11] . In particular, ideal wavefunctions have been constructed for a variety of non-chiral topological phases, which only contain the required information of topological order.
Unlike ideal wavefunctions, the generic ground state of a topological phase contains quantum fluctuations in addition to topological order, in a similar manner as the ground state of a symmetry-breaking phase contains zero-point fluctuations of the order parameter that are missing in a simple product state. Because of the interplay between topological order and quantum fluctuation, generic topological ground states contain much more information than ideal wavefunctions.
In this work, we show that quantum entanglement in the ground state of a topological phase faithfully captures the universal properties of its phase transition to a trivial product state. To reveal this hidden quantum criticality within a topological state, we introduce a new scheme of partition, dubbed extensive partition, which divides the system into two parts that are extensive with system size in all directions, as shown in Fig.1 . The entanglement Hamiltonian obtained from an extensive partition is a bulk entity, which we term bulk entanglement Hamiltonian (BEH). Its spectrum resembles the excitation spectrum of a physical Hamiltonian. Based on general principles, we argue that by varying the extensive partition between two asymmetric limits, the bulk entanglement Hamiltonian undergoes a gap-closing quantum phase transition that changes the topology of its ground state. This transition derived from a single wavefunction mirrors an actual topological phase transition accessed by tuning physical parameters in a Hamiltonian. This remarkable correspondence originates from the fact that entanglement percolation is a universal property of topological phase transitions. Fig.1 shows several extensive partitions of a twodimensional lattice into two subsystems A and B: each consists of alternating blocks that forms a new periodic lattice. The shape of each block does not matter; the key property of such extensive partitions is that the entire boundary between A and B, taken as a whole entity, extends throughout the system in all directions. Since quantum entanglement in a gapped system comes mostly from boundary degrees of freedom, the extensive nature of the boundary between A and B in our construction leads us to expect that the entanglement between these two subsystems contains information about the bulk, as opposed to the commonly studied entanglement between the left and right half of the system, which only contains information about the one-dimensional edge.
We now extract information about the bulk of a topological state from its entanglement spectrum defined by extensive partitions, which we term bulk entanglement spectrum (BES). The concept of entanglement spectrum was introduced by Li and Haldane [12] to characterize bipartite entanglement between two parts, A and B, of a many-body ground state |Ψ . The reduced density matrix ρ A can be regarded as the thermal density matrix of an entanglement Hamiltonian H A at temperature T = 1:
The full set of eigenvalues of H A , denoted by {ξ i } with
, constitutes the entanglement spectrum of subsystem A. These eigenvalues are directly related to the coefficients in the Schmidt decomposition of the ground state: eigenvalues have large weight in the ground state |Ψ , and hence are particularly important.
When A and B are the left and right halves of a topological state, the corresponding entanglement spectrum resembles the excitation spectrum near a physical boundary [12] . Because of the boundary-local nature [13] [14] [15] , the entanglement spectrum from such a left-right partition is useful for studying topologically protected edge excitations [16] [17] [18] [19] , but does not shed much light on the bulk. In contrast, because of the extensive nature of the boundary in an extensive partition, the corresponding entanglement Hamiltonian and spectrum resemble a physical Hamiltonian and its spectrum, defined on a periodic superlattice. The construction of bulk entanglement Hamiltonian and spectrum forms the basis of this work.
Depending on the actual partition, the bulk entanglement spectrum of a generic topological state can be either gapped or gapless. When the BES is gapped, its lowest eigenvalue ξ 0 is separated from the rest by a finite amount in the thermodynamic limit. In this case, the corresponding product state |ψ 0 A ⊗ |ψ 0 B , which has the largest weight in the Schmidt decomposition, stands out as the most dominant component in the ground state |Ψ , where |ψ 0 A and |ψ 0 B are the so-called entanglement ground states of subsystem A and B respectively: H A |ψ 0 A = ξ 0 |ψ 0 A and H B |ψ 0 B = ξ 0 |ψ 0 B . In contrast, when the BES is gapless, no individual product state can be singled out as the most dominant component in the ground state. Motivated by these considerations, we hereby make a precise conjecture on a general relation between topological order and bulk entanglement.
Conjecture: if the bulk entanglement spectrum obtained from an extensive partition is gapped, the largestweight state |ψ 0 A ⊗ |ψ 0 B in the Schmidt decomposition possesses the same topological order as the original ground state |Ψ .
We will verify this conjecture for two examples later. For now we assume the conjecture is true, and deduce from it the main result of this work: by varying the extensive partition between two highly asymmetric limits defined below, the bulk entanglement Hamiltonian H A of a given subsystem A in a topological state undergoes a gap-closing quantum phase transition, in which the entanglement ground state |ψ 0 A changes from being topologically equivalent to the nontrivial ground state |Ψ to trivial, and vice versa for subsystem B.
Proof of main result: the two asymmetric limits of extensive partition are (i) a percolating sea of region A with an array of small, isolated islands of region B, and (ii) a percolating sea of region B with an array of small, isolated islands of region A. We assume that the distance L between neighboring islands is greater than the corre-lation length in the ground state. Then each island contributes to the bipartite entanglement between A and B in an essentially local and independent way. For a generic topological state, such local entanglement spectrum arising from each island has a finite gap, and hence the bulk entanglement spectra of both (i) and (ii) are gapped. It then follows from our conjecture that in these two limits of extensive partition the product state |ψ 0 A ⊗|ψ 0 B possesses the topological order of the original ground state |Ψ , where |ψ 0 A and |ψ 0 B are the entanglement ground state of A and B, respectively. While the entanglement spectra of A and B are by definition identical, |ψ 0 A and |ψ 0 B are not. Clearly, the subsystem consisting of disconnected islands, which is B in (i) and A in (ii), must be topologically trivial, because its density matrix essentially factorizes into a direct product of copies from each island. This implies that as one shrinks the size of A and concurrently enlarges B from partition (i) to (ii), the entanglement ground state |ψ 0 A must change from carrying the topological order to being trivial, and vice versa for |ψ 0 B . In order to accommodate this change in topology, the bulk entanglement Hamiltonian, both H A and H B , must undergo a gap-closing quantum phase transition at a "critical" partition somewhere in between the two asymmetric limits.
We further show that for typical topological states, the phase transition in the entanglement occurs at a symmetric partition, where A and B are related by symmetry such as translation or reflection. To see this, suppose for the sake of argument that H A is gapped. Our conjecture then implies that the original ground state |ψ must have the special property that its topological order can be equally divided into two pieces carried respectively by |ψ 0 A and |ψ 0 B that only differ by a symmetry transformation. However, most topological states carry an elementary unit of topological order and hence cannot be divided into "halves". Consequently, their entanglement spectra must be gapless at a symmetric partition, regardless of any other condition.
While it is remarkable that topological phase transition can be constructed entirely from a single ground state, our conclusion is based solely on the discrete nature of topological order, which dictates that one subsystem in an extensive partition inherits the topology while the other does not. We thus expect that our findings apply to generic topological phases. This is illustrated by two examples below.
Quantum Hall insulator: Consider a square lattice model of the integer quantum Hall effect (also known as the Chern insulator [20] ), defined by H = ij H ij c † i c j where the tight-binding Hamiltonian H ij in reciprocal space is given by
where σ are Pauli matrices. When 0 < µ < 2, the ground state of this model is topologically nontrivial, with Chern number C = 1. For free fermion systems, the entanglement Hamiltonian is also a free fermion Hamiltonian [21] , whose spectrum defines a set of single-particle levels { j }. The entanglement spectrum of a subsystem with N particles corresponds to the spectrum obtained by filling a total of N levels in all possible combinations: ξ = N a=1 ja . It then follows that the important, low-lying part of the entanglement spectrum comes from the vicinity of the highest occupied and lowest unoccupied levels.
We choose extensive partitions in which A and B are two sets of blocks as shown in Fig.1 . The single-particle levels { j } that define the bulk entanglement spectrum of A are plotted as a function of crystal momentum in the 2D Brillouin zone 0 < k x , k y < 2π/L in Fig.2 . In accordance with our general argument stated earlier, we find numerically that when A and B are asymmetric, the bulk entanglement spectrum is gapped and the entanglement ground state of the (non-)percolating subsystem carries Chern number C = 1 (0). Because the topological order described by C = 1 cannot be divided into two identical pieces, the bulk entanglement spectrum must be gapless when A and B are symmetric. Our calculation shows this is indeed the case, and the spectrum at symmetric partition exhibits a two-dimensional massless Dirac fermion dispersion ( Fig.2a and 2b ). This quantum criticality in the entanglement lies in the same universality class as the actual quantum Hall transition at a fixed density and in the absence of disorder.
To understand how the above bulk entanglement spectrum arises, we note that the low-lying states in the entanglement spectrum of A consist of boundary degrees of freedom that correspond to a network of chiral edge states, which would occur if B had been physically removed (Fig. 2) . The phase transition in the bulk entanglement spectrum then resembles the percolation of edge states in the Chalker-Coddington network model for quantum Hall plateau transition [22] , which gives rise to a massless Dirac fermion at criticality.
One may notice that as we vary the partition to access the entanglement phase transition, the Hilbert space of the bulk entanglement Hamiltonian also changes, which appears quite different from usual quantum phase transitions. We now present an alternative procedure, inspired by intuitive reasoning and supported by numerical evidence, to access the entanglement phase transition within a fixed subsystem A s of a symmetric partition. This is achieved by explicitly constructing a continuous family of bulk entanglement Hamiltonians H As (T ) at different "entanglement temperature" 0 < T < ∞. H As (T ) is defined as follows:
where
In words, we first trace out a subregion of B s (the complement of A s ), denoted by B. This yields an entanglement Hamiltonian H A for the complementary subsystem A. Next, we change the "entanglement temperature" T to construct a new density matrix ρ A (T ) ≡ e −H A /T , and then continue tracing out remaining sites in B s . This procedure, sketched in Fig. 1 , yields a modified, T -dependent reduced density matrix for A s , on which H As (T ) is defined.
H As (T = 1) reduces to the bulk entanglement Hamiltonian H As defined previously by tracing out B s directly in the symmetric partition, and hence is right at the critical point. We found numerically that H As (T ) is gapped for T = 1 (Fig. 2d) , and the entanglement ground state has Chern number C As = 1 for T < 1 and C As = 0 for T > 1. Therefore the bulk entanglement Hamiltonian H As (T ) undergoes the topological quantum phase transition as a function of the entanglement temperature T , with critical point at T = 1. This result can again be intuitively understood by looking at opposite limits of entanglement temperature: when T = 0, we are simply taking the ground state of H A at the asymmetric partition (with C A = C = 1) as a new starting point and then tracing out a minority region to reach the symmetric partition. As a result, the ground state of H As inherits the topological invariant of H A : C As = C A = 1. On the other hand, when T 1, too many "excited" states have been populated in the reduced density matrix e −H A /T , so that it yields a trivial H As at the final stage.
Spin chain: To complement this free fermion illustration, we also apply our technique to an interacting phase. Consider a spin-1/2 chain with two sites per unit cell, which has two gapped phases distinguished by how the spins dimerize and related by translation by half a lattice constant T 1/2 (Fig. 4) . The critical point between the two phases corresponds to a uniform spin-1/2 chain, and is described by the level-1 SU (2) Wess-Zumino-Witten (WZW) theory [24] . We now study the bulk entanglement spectrum of a generic dimerized spin-1/2 chain and demonstrate that it indeed produces the WZW critical theory. Consider a symmetric extensive partition of a dimerized chain in which the two subsystems A and B are interchanged under reflection with respect to the center of a unit cell, R. Here we choose A and B to be the two sublattices respectively. We now demonstrate that the resulting bulk entanglement spectrum of a dimerized spin-1/2 chain must be gapless, due to a symmetryprotected topological character of its ground state |Ψ that cannot be equally divided in a similar way as the Chern number C = 1 in the previous example. This topological character can be understood from the relation between a dimerized spin-1/2 chain and its partner under T 1/2 . In the presence of time-reversal or spin-rotational symmetry, these two dimerized phases are topologically distinct, as manifested by the localized s = 1/2 degeneracy at the interface. On the contrary, any product state that appears in the Schmidt decomposition of |Ψ takes the form of |ψ 0 A ⊗ |Rψ 0 B , and has a partner under T 1/2 given by |Rψ 0 A ⊗ |ψ 0 B . Any difference between these two product states must arise from both A and B sublattices and thus is necessarily "doubled", which implies that the interface between them cannot trap an unpaired spin. We thus conclude that the ground state of a dimerized spin-1/2 chain cannot be approximated, even qualitatively, by any individual product state in the Schmidt decomposition. It then follows from our general argument stated earlier that the bulk entanglement spectrum must be gapless.
Similar to the quantum Hall insulator, the gapless bulk entanglement spectrum of the dimerized spin-1/2 chain can be understood from the percolation of end states [23] . In the fully dimerized limit, the bulk entanglement spectrum of A consists of decoupled free spins. Such an extensive degeneracy is a common artifact of ideal wavefunctions that miss the kind of quantum fluctuations present in generic topological states. Once we move away from this ideal limit, the free spins in the entanglement spectrum couples with each other in a translationally invariant way that is dictated by the nature of the extensive partition. As a result, the bulk entanglement spectrum resembles the excitation spectrum of a Heisenberg chain. Indeed, our numerical calculation confirms this. We take an AKLT-type ground state for a dimerized spin-1/2 chain: |Ψ = S i (| ↑ 2i | ↓ 2i+1 − | ↓ 2i | ↑ 2i+1 ), where S stands for symmetrization between a pair of spins at neighboring sites 2i−1 and 2i. By tracing out every other spin from the chain, we find that the resulting bulk entanglement spectrum has the same low-lying multiplets as the Heisenberg chain (Fig. 4) [25] .
Discussion: We have argued on general grounds that the entanglement ground state before and after the transition are topologically equivalent to the original ground state and a trivial product state, respectively. This implies that quantum criticality in the bulk entanglement Hamiltonian lies in the same universality class as one in a physical Hamiltonian, insomuch as the topological phase transition itself is universal. This is indeed the case for the two examples shown above. On the other hand, a topological state can undergo different phase transitions to more than one trivial state that differs in non-topological aspects. If so, the transition in the entanglement corresponds to one such topological phase transition.
Finally we discuss why the entanglement in a topological state contains information on topological phase transition. This remarkable fact originates from the nature of topological phases: they do not have any local order parameter but possess nontrivial patterns of entanglement. We thus expect that a topological phase transition in its barest form can be generically regarded as quantum percolation of entanglement, which is a generalization of edge state percolation at the quantum Hall transition. Varying the extensive partition yields entanglement percolation in the bulk entanglement Hamiltonian, and thereby realizes topological phase transition.
